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1. INTRODUCTION 
The investigation of the collineation groups of projective planes doubly 
transitive on one of their point orbits is of fundamental importance for the 
construction and the characterization of projective planes. Several authors 
were concerned with the cases where the doubly transitive orbit is a line 
[ZO, Theorem 39.3; 18; 51, an oval (i.e., (n + l)-arc), or, in particular, a 
conic [ 19, 20, 6, 7, 13, 161, a hermitian arc or, in particular, a hermitian 
curve [ 131, an afline plane [ 11). Note that for a 2-transitive oval, the 
known examples are 
(i) the desarguesian plane PG(2, q) of order q, where the oval is an 
irreducible conic and the collineation group contains PSL(2, q); 
(ii) the dual of the Liineburg plane L(2”) of order 2*‘, where the 
collineation group contains the Suzuki group Sz(2”). 
It has been conjectured that there are no other examples. For results in 
this direction see [3]. 
The aim of this paper is to prove that there are only two projective 
planes of even order admitting a 2-transitive hyperoval, i.e., a (n + 2)-arc, 
where n denotes the order of the plane: 
THEOREM 1.1. Let I7 be a projective plane of even order n, provided with 
an hyperoval Q. Assume that G is a collineation group of 17 which maps 52 
onto itself acting doubly transitively on it. Then either 
n=2,1521=4, G1:S, or n=4, IQl=6, A,<G<S,. 
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binatorie e Loro Applicazioni”). 
1 
0097-3 165186 $3.00 
Copyright 0 1986 by Academic Press. Inc. 
All rights of reproduction in any form reserved. 
VITO ABATANGELO 
2. ASSUMED RESULTS 
We shall assume the following theorems from the theory of finite projec- 
tive planes and the theory of finite groups. Dembowski [S] or Hughes and 
Piper [ 123 is suggested as a general reference. 
RESULT 2.1 (Bruck and Ryser [4; Theorem 3.61). If n = 1 or 2 (mod 4) 
there cannot be a projective plane of order n unless n can be expressed as a 
sum of two integral squares. 
DEFINITION 2.1. A finite group M is called a G-group (Glaubermann 
group) if there is a pair (2, J), where C is a set consisting of odd prime 
numbers and J generates M (i.e., (J) = M) such that 
(i) each j E J has order two; 
(ii) j, , j, E J, j, #j,, implies j, jail E J and j, j, has order belonging to 
c. 
RESULT 2.2 (Glaubermann Z*-theorem [9, Corollary 31). Every G- 
group M verifies the following properties: 
(i) the commutator subgroup M’ of M has odd order; 
(ii) IM: M’I = 2; 
(iii) J is the unique class of involutions in M; 
(iv) M is a solvable group. 
RESULT 2.3 (Bender [2], Hering [lo; 24, p. 2941). If G is a 2-transitive 
permutation group on a finite set Q in which each involution fixes 0 or 2 
points of 52, then G contains a normal subgroup H for which one of the 
following statements holds: 
(i) HE PSL(2, q) and H acts on Q as PSL(2, q) in its natural 
doubly transitive representation; 
(ii) H contains a normal subgroup which is elementary abelian; 
(iii) H N A, and H acts on Q as A, on 6 letters. 
RESULT 2.4 (Aschbacher [ 1; 15, Result 71). Let G be a doubly trans- 
itive permutation group on a set 52 of degree r = 2 (mod 4), r > 2. Then 
(i) G contains a unique minimal normal subgroup M; M is simple, 
still doubly transitive on Sz and G < Aut M, 
(ii) for any two distinct points ~1, j? of 52, let G,, denote the stabilizer 
of c1 and B in G. Moreover, let T be a 2-Sylow subgroup of G,,. Suppose 
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that if there is an involution t in T such that the fixed point set of every 
element of T - ( 1 } is contained in the fixed point set of t. Then for M one 
of the following statements holds: 
(iii) ME PSL(2, q) and M acts on Q as PSL(2, q) in its natural 
doubly transitive representation; 
(iiJ ME PSU(3, q*) and M acts on Q as PSU(3, q’) in its natural 
doubly transitive representation; 
(ii3) a normal subgroup of M is isomorphic to A, and acts on Q as 
A6 on 6 letters. 
DEFINITION 2.2 ([24, p. 2981). A triangular set of involutions in a 
group M is a set of involutions invariant under conjugacy by elements from 
M and such that the set contains the product of any two of its members 
which happen to commute. 
RESULT 2.5 (Shult [24, Theorem 6.31). Let M be a doubly transitive 
group of even degree and let T be a M-invariant set of involutions such 
that X= Tn M, (a EQ) is a triangular set of involutions of M,. Assume 
that whenever two involutions of X lie in a common 2-Sylow subgroup of 
M,, (tl, b E Q), they have a common fixed point set. Then one of the 
following statements holds: 
(i) X is contained in Z*(M) = Z(M/Z(M)); 
(ii) M contains a normal subgroup which is elementary abelian; 
(iii) ii4 contains a normal subgroup isomorphic to A, and this sub- 
group acts on Q as A6 on 6 letters. 
RESULT 2.6 (Korchmaros [ 16, Lemma 51). Let l7 be a projective plane 
of order n = mz containing a (n + 1 )-arc A. Assume that 8, and t12 are two 
commuting Baer involutions which map A into itself. If both 8, and 8, fix 
some points of A, then 8,0, is a perspectivity admitting fixed points on A. 
3. THE PROOF OF THEOREM 1.1 FOR n=O (mod4) 
In this case IQ1 = 2 (mod 4). By result 2.4, G contains a unique minimal 
normal subgroup M. M is simple, non-abelian, and again doubly transitive 
on Q. First we shall examine the case where M contains involutory 
elations. Let J be the set of all the involutory elations belonging to M. 
LEMMA 3.1. For n > 4, two distinct involutory elations leaving Q 
invariant do not have the same center. 
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Proof. Suppose that f and g are involutory elations with the same cen- 
ter which leave Q invariant. Then fg has at least /&!I - 4 fixed points on Q. 
It is easily shown that the fixed point set of fg belongs to a line. Thus 
/al = 6, hence n = 4 and this proves our assertion. 
LEMMA 3.2. If je J, then the axis of j is a chord of R. 
Proof: It is easily shown that any involutory elation g leaving 52 
invariant has 2 or 0 fixed points on D according as the axis of g is a chord 
or an external line of Sz. As IQ1 = 2 (mod 4) if g has no fixed points on $2, 
then it acts on Q as an odd permutation. Since J is contained in a simple 
group M, J cannot contain any element acting on 52 as an odd per- 
mutation 
The following lemma is easily verified: 
LEMMA 3.3. (i) For any geM, gp’Jgc J; 
(ii) (J)=M; 
(iii) IJI > 1. 
Let Z denote the set of all the prime integers which divide the order of 
the product of two distinct elements of J. Note that 2e.E. In fact 2 4 Z 
implies that M is a G-group (cf. Definition 2.1). But this is not possible in 
our case because the G-groups are solvable by Result 2.2. 
LEMMA 3.4. (i) There exist j, , j, E J, j, # jz, such that j, j, = jj, ; 
(ii) ifjl,j,EJ, j, #j,, jlj2=jjl, then jlj2EJ; 
(iii) J is a non-trivial triangular set of involutions in M; 
(iv) ifj,, j, E J, j, # jz, j,j, = jj, , then the common axis of j, and j, is 
a chord of Q; 
(v) ifjI,j,EJ, j,#j,, j,jz=jjl, then there exist CC,/IESZ (a#/3), 
such that j, , j2 E M,, ; 
(vi) if j,, j, E J are such that j,j, has even order, then there is a 
j E G1, j, ) n J for which jj, = j,j and ~1, = jJ, 
Proof As 2 E Z, there are j, , j, E J such that j,j, has even order, say 2k. 
By [12, p. 971, then (j,j,)k is involutory and commutes with j, and j,. In 
order to verify (i), (vi), it suffices to prove that (ilj,)k is still an elation. 
(j,j,)k can be written as the product of two involutions: (j,j,)k = ij2, where 
i is still an involutory elation because it is conjugated to j, or j, according 
as k is odd or even. Since i and j, commute, it follows by Lemma 3.1 and 
[8, 3.1.121 that they have the same axis. By [S, 3.1.1 l] this implies that 
also ij, is an elation. To prove (ii), (iv), (v) let us consider two distinct 
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elements j, ,j, E J which commute. Then they have the same axis a and so 
(ii) holds. Moreover a is a chord of 52 because of Lemma 3.2. This proves 
(iv). Putting an Q = {a, a} we also obtain (v); (iii) is a consequence of (i), 
(ii), and Lemma 3.3. 
THEOREM 3.1. Zf n = 0 (mod 4) and M contains involutory elations, then 
n=4, IL21 =6, MEA,. 
Proof: By (i) of Lemma 3.3, J is an invariant set of involutions. Thus 
also X= Jn M, (c( E 52) is an invariant set of involutions of M,. By (iii) of 
Lemma 3.4 we have that X is a triangular set. Let j, , j, E X such that j, and 
j, lie in a common 2-Sylow subgroup of M,,, with LX, /?E 52, CI # /I; then 
j,, j, have the same axis which is the line c$. Therefore j, and j, have the 
same fixed point set. We may apply Shult’s theorem, see Result 2.5. Note 
that (i) of Result 2.5 is equivalent to say that a 2-Sylow subgroup S, of M, 
(~1 E Q) contains a unique element of J. In our case 1 S, n JI > 1. In fact, by 
(i), (iv) there is y EQ such that M, has a 2-Sylow subgroup S, with 
IS, n JI > 1. As M is transitive on 52, the same assertion holds also for 
tl E Sz. Therefore (i) of Result 2.5 does not occur; (ii) of Result 2.5 is 
impossible, in our situation, because M is simple. Therefore only (iii) of 
Result 2.5 can actually occur. This proves Theorem 3.1. 
Next we assume that M contains no involutory elation. This means that 
every involution of M is a Baer involution. By the same argument used in 
the proof of Lemma 3.2, any involution contained in M has some fixed 
points on 9. Hence 
LEMMA 3.5. Each involution of M has & + 2 fixed points on L?. 
LEMMA 3.6. For u, /I EQ, CI # /I, there is a unique involution in any 2- 
Sylow subgroup of AI,,. 
Proo$ As M is 2-transitive and every involution of A4 has at least two 
fixed points on Q, we have that M,, contains some involutions. If a 2- 
Sylow subgroup of M,, has at least two involutions, then it contains two 
distinct commuting involutions, say 8, and 19~. Putting A = Q - {CC} we 
may apply Result 2.6. It follows that 8,0, is an elation. But this contradicts 
our assumption. 
In virtue of Lemma 3.6, Result 2.4 of Aschbacher is applicable: we shall 
show that none of the possibilities (ii,), (ii*), (ii3) can actually occur. The 
cases (iil) and (iiJ) are impossible in our situation. In fact PSL(2, q) as well 
as A, has no involution with more than 2 fixed points. Again M cannot act 
on Q as PSU(3, q*) in its natural 2-transitive representation. In fact 
n + 2 = JQl = q3 + 1 implies that q is odd. As any involution of PSU(3, q*), 
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q odd, has exactly q + 1 fixed points, from Lemma 3.5 it follows also 
q + 1 = & + 2. But this is not compatible with q3 + 1 = n + 2. 
4. THE PROOF OF THEOREM 1.1 FOR n= 2 (mod4) 
In G there is no Baer involution, because n is not a square. Therefore the 
involutions of G are elations with 0 or 2 fixed points on 52. By Result 2.3, 
we know every doubly transitive group satisfying this property. Actually H 
cannot act on Sz as A, acts on 6 letters because n + 2 # 6. First we prove 
LEMMA 4.1. If H acts on s2 as PSL(2, q) in its natural 2-transitive 
representation, then n = 2. 
Proof First note that q E 3 (mod 4), as n + 2 = q + 1. Let us consider 
an irreducible conic V of the desarguesian plane PG(2, q). The collineation 
group Z generated by all the involutory homologies whose centers are 
internal points of %? is isomorphic to PSL(2, q) and acts on g as PSL(2, q) 
in its natural 2-transitive representation (see [20, Chap. VI]). Note that 
each internal point X of %? is the center of exactly one involutory 
homology (r,~ PSL(2, q). Let @ be the set of all internal points of w. By 
Lemma 3.1 any point of 17 not on Q is the center of at most one involutory 
elation leaving Sz invariant. Let A be the set of all such centers. The 
isomorphism between H and PSL(2, q) = Z gives rise to a one to one 
correspondence c1 between @ and A. Let us consider three points P, Q, R 
not on %? such that PQR is a self-polar triangle. Now if we suppose that 
n 3 4, then we can choose another point T$ V, Q # T # R, belonging to the 
line QR. Since P and T are conjugate, we have oPoT=dTdp, but 
aoo, # a,ao as Q and Tare not conjugate. Now let us consider the points 
P’ = a(P), Q’ = a(Q), R’ = a(R), T’ = a(T). We have a,,ap9 = (T~,(T~,, 
aPfaRf = gR,aPc. Since by Lemma 3.1 these points are pairwise distinct, we 
have from [IS, 3.1.121 that ap,, ao,, aR,, aT’ have the same axis. Hence by 
[S, 3.1.121 it follows that aQ,a,=araQ,. This implies aoa,=a,ao, 
which is impossible as we have shown that aoa,# aTap. 
Finally we prove 
LEMMA 4.2. If H contains a normal subgroup which is elementary 
abelian, then n = 2 and 52 is an irreducible conic of PG(2, 2). 
ProoJ If H contains a normal subgroup which is elementary abelian, 
we have ]sZJ = 2” (s E N) and n = 2” - 2. We prove that the only projective 
plane of order 2” - 2 is that of order 2. In order to do this, we show that 
the diophantine equation n = a2 + b2 has no solution. Actually n = 2” - 2 
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and n E 2 (mod 4), so 2 1 n and 4) n; this means that both u and b are odd 
integers, therefore if we put a = 2A + 1 and b = 2B + 1, we have 
2”-2=a2+b2=4(A2+A+B2+B)+2 
and hence 
2”-*-1=A2+A+B2+B. 
But this is not possible because the left-hand side is odd, while the right- 
hand side is even. Therefore as n = 2 (mod 4), we can apply Result 2.1. This 
proves Lemma 4.2. 
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